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Introduction

The interest in density forecasts is rapidly expanding in both macroeconomics and finance.
Undoubtedly this is due to the increased awareness that point forecasts are not very informative unless some indication of their uncertainty is provided, see Granger and Pesaran
(2000) and Garratt et al. (2003) for discussions of this issue. Density forecasts, representing the future probability distribution of the random variable in question, of course
provide the most complete measure of this uncertainty. Prominent macroeconomic applications are density forecasts of output growth and inflation obtained from a variety
of sources, including statistical time series models (Clements and Smith, 2000), professional forecasters (Diebold et al., 1998), and central banks and other institutions producing
so-called ‘fan charts’ for these variables (Clements, 2004; Mitchell and Hall, 2005). In
finance, density forecasts play a fundamental role in risk management as they form the basis for risk measures such as Value-at-Risk and Expected Shortfall, see Dowd (2005) and
McNeil et al. (2005) for general overviews and Guidolin and Timmermann (2006) for a
recent empirical application. In addition, density forecasts are starting to be used in other
financial decision problems, such as derivative pricing (Campbell and Diebold, 2005;
Taylor and Buizza, 2006) and asset allocation (Guidolin and Timmermann, 2008). Finally, it is becoming more common to use density forecasts to assess the adequacy of
predictive regression models for asset returns, including stocks (Perez-Quiros and Timmermann, 2001), interest rates (Hong et al., 2004; Egorov et al., 2006) and exchange
rates (Sarno and Valente, 2005; Rapach and Wohar, 2006).
The increasing popularity of density forecasts has naturally led to the development of
statistical tools for evaluating their accuracy. The techniques that have been proposed for
this purpose can be classified into two groups. First, several approaches have been put forward for testing the quality of an individual density forecast, relative to the data-generating
process. Following the seminal contribution of Diebold et al. (1998), the most prominent
tests in this group are based on the probability integral transform (PIT) of Rosenblatt
(1952). Under the null hypothesis that the model for the density forecast is correctly specified, the PITs should be uniformly distributed, while for one-step ahead density forecasts
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they also should be independent and identically distributed. Hence, Diebold et al. (1998)
consider a Kolmogorov-Smirnov test for departure from uniformity of the empirical PITs
and several tests for temporal dependence. Alternative test statistics based on the PITs
are developed in Berkowitz (2001), Bai (2003), Bai and Ng (2005), Hong and Li (2005),
Li and Tkacz (2006), and Corradi and Swanson (2006a), mainly to counter the problems
caused by parameter uncertainty and the assumption of correct dynamic specification under the null hypothesis. We refer to Clements (2005) and Corradi and Swanson (2006c)
for in-depth surveys on specification tests for univariate density forecasts. An extension of
the PIT-based approach to the multivariate case was considered by Diebold et al. (1999),
see also Clements and Smith (2002) for an application. For more details of multivariate
PITs and goodness-of-fit tests based on these, see Breymann et al. (2003) and Berg and
Bakken (2005), among others.
The second group of evaluation tests aims to compare two or more competing density
forecasts. This problem of relative predictive accuracy has been considered by Sarno and
Valente (2004), Mitchell and Hall (2005), Corradi and Swanson (2005, 2006b), Amisano
and Giacomini (2007) and Bao et al. (2007). All statistics in this group compare the
relative distance between the competing density forecasts and the true (but unobserved)
density. Sarno and Valente (2004) consider the integrated squared difference as distance
measure, while Corradi and Swanson (2005, 2006b) employ the mean squared error between the cumulative distribution function (CDF) of the density forecast and the true CDF.
The other studies in this group develop tests of equal predictive accuracy based on a comparison of the Kullback-Leibler Information Criterion (KLIC). Amisano and Giacomini
(2007) provide an interesting interpretation of the KLIC-based comparison in terms of
scoring rules, which are loss functions depending on the density forecast and the actually
observed data. In particular, it is shown that the difference between the logarithmic scoring rule for two competing density forecasts corresponds exactly to their relative KLIC
values.
In many applications of density forecasts, we are mostly interested in a particular region of the density. Financial risk management is an example in case, where the main
concern is obtaining an accurate description of the left tail of the distribution. Berkowitz
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(2001) and Amisano and Giacomini (2007) suggest weighted likelihood ratio (LR) tests
based on KLIC-type scoring rules, which may be used for evaluating and comparing density forecasts in a particular region. However, as mentioned by Corradi and Swanson
(2006c) measuring the accuracy of density forecasts over a specific region cannot be done
in a straightforward manner using the KLIC. The problem that occurs with KLIC-based
scoring rules is that they favor density forecasts which have more probability mass in the
region of interest, rendering the resulting tests biased towards such density forecasts.
In this paper we demonstrate that comparing two density forecasts on a specific region
is possible using scoring rules based on partial likelihood. The main problem encountered
when comparing two competing forecast densities on a given region is the presence of
nuisance parameters. In this case there is an infinite dimensional nuisance parameter: the
shape of the predictive density outside the region of interest. Following Cox (1975), we
argue that partial likelihood can be used to annihilate the effect of nuisance parameters. To
illustrate how this might be implemented, we introduce two possible scoring rules based
on partial likelihood, and study their performance using Monte Carlo simulations as well
as an empirical illustration. It turns out that the partial likelihood scoring rule that uses
most of the available relevant information performs best in all cases considered.
The remainder of the paper is organized as follows. In Section 2, we briefly discuss
conventional scoring rules based on the KLIC distance for evaluating density forecasts
and point out the problem with the weighted versions of the resulting LR tests when
these are used to focus on a particular region of the density. In Sections 3 and 4, we
develop alternative scoring rules based on partial likelihoods, and demonstrate that these
do not suffer from this problem. This is further illustrated by means of Monte Carlo
simulation experiments in Section 5, where we assess the properties of tests of equal
accuracy of density forecasts based on different scoring rules. An empirical application
concerning density forecasts for daily S&P 500 returns in Section 6 demonstrates the
practical usefulness of our approach. Finally, Section 7 concludes.

3

2

Scoring rules for evaluating density forecasts

Following Amisano and Giacomini (2007) we consider a stochastic process {Zt : Ω −→
Rs+1 }Tt=1 , defined on a complete probability space (Ω, F, P ), and identify Zt with (Yt , Xt0 )0 ,
where Yt : Ω −→ R is the real valued random variable of interest and Xt : Ω −→ Rs is a
vector of predictors. The information set at time t is defined as Ft = σ(Z10 , . . . , Zt0 )0 . We
consider the case where two competing methods are available, each producing one-step
ahead density forecasts, i.e. predictive densities of Yt+1 , based on Ft . The competing density forecasts are denoted by the probability density functions (pdfs) fˆm,t (y) and ĝm,t (y),
respectively. The subscript m indicates that the density forecasts are assumed to depend
only on Zt−m+1 , . . . , Zt . Forecast methods of this type arise easily when model-based
density forecasts are made, and model parameters are estimated based on a moving window of the last m observations only. This finite memory simplifies the asymptotic theory
of test statistics considerably. To keep the exposition as simple as possible, in this paper
we will be mainly concerned with the simplest case of comparing ‘fixed’ predictive densities for i.i.d. processes. We therefore drop the subscript m from the predictive densities.
Our interest lies in comparing the relative performance fˆt (Yt+1 ) and ĝt (Yt+1 ), that
is, assessing which of these densities comes closest to the true but unobserved density
pt (Yt+1 ). One of the approaches that has been put forward for this purpose is based on
scoring rules, which are commonly used in probability forecast evaluation. We refer to
Lahiri and Wang (2007) for an interesting application of several such rules to the evaluation of probability forecasts of GDP declines, that is, a rare event comparable to Value-atRisk violations. In the current context, a scoring rule can be considered as a loss function
depending on the density forecast and the actually observed data. The idea is to assign
a high score to a density forecast if an observation falls within a region with high probability, and a low score if it falls within a region with low probability. Given a sequence
of density forecasts and corresponding realizations of the time series variable, competing
density forecasts may then be compared based on their average scores. Mitchell and Hall
(2005), Amisano and Giacomini (2007), and Bao et al. (2007) focus on the logarithmic
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scoring rule
S l (fˆt ; yt+1 ) = log fˆt (yt+1 ),

(1)

where yt+1 is the observed value of the variable of interest. Based on a sequence of n
density forecasts and realizations for t = m + 1, . . . , T ≡ m + n, the density forecasts
P
fˆt and ĝt can be ranked according to their average scores n−1 Tt=m+1 log fˆt (yt+1 ) and
P
n−1 Tt=m+1 log ĝt (yt+1 ). The density forecast yielding the highest score would obviously
be the preferred one. We may also test formally whether differences in average scores are
statistically significant. Defining the score difference
dlt = S l (fˆt ; yt+1 ) − S l (ĝt ; yt+1 )
= log fˆt (yt+1 ) − log ĝt (yt+1 ),
the null hypothesis of equal scores is given by H0 : E[dlt ] = 0. This may be tested by
means of a Diebold and Mariano (1995) type statistic
l

d
p

σ̂ 2 /n

d

→ N (0, 1),
−

(2)

l

l

where d is the sample average of the score difference, that is, d =

1
n

PT

t=m+1

dlt , and σ̂ 2

l

is a consistent estimator of the asymptotic variance of dt , see Mitchell and Hall (2005)
and Bao et al. (2007) for details.
Intuitively, the logarithmic scoring rule is closely related to information theoretic measures of ‘goodness-of-fit’. In fact, as discussed in Mitchell and Hall (2005) and Bao et al.
l

(2007), the sample average of the score difference d in (2) may be interpreted as an estimate of the difference in the values of the Kullback-Leibler information criterion (KLIC),
which for the density forecast fˆt is defined as
!
Z
p
(y
)
t
t+1
dyt+1 = E[log pt (Yt+1 ) − log fˆt (Yt+1 )].
KLIC(fˆt ) = pt (yt+1 ) log
fˆt (yt+1 )

(3)

Note that by taking the difference between KLIC(fˆt ) and KLIC(ĝt ) the term E[log pt (Yt+1 )]
drops out, which solves the problem that the true density is unknown. Hence, the null
hypothesis of equal logarithmic scores for the density forecasts fˆt and ĝt actually corresponds with the null hypothesis of equal KLICs. Bao et al. (2007) discuss an extension
5

to compare multiple density forecasts, where the null hypothesis to be tested is that none
of the available density forecasts is more accurate than a given benchmark, in the spirit of
the reality check of White (2000).
It is useful to note that both Mitchell and Hall (2005) and Bao et al. (2007) employ
the same approach for testing the null hypothesis of correct specification of an individual
density forecast, that is, H0 : KLIC(fˆt ) = 0. The problem that the true density pt (yt+1 ) in
(3) is unknown then is circumvented by using the result established by Berkowitz (2001)
that the KLIC of fˆt is equal to the KLIC of the density of the inverse normal transform of
the PIT of the density forecast fˆt . In other words, defining zf,t+1 = Φ−1 (F̂t (yt+1 )) with
Ry
F̂t (yt+1 ) = 0 t+1 fˆt (y)dy and Φ the standard normal distribution function, it holds that
log pt (yt+1 ) − log fˆt (yt+1 ) = log qt (zf,t+1 ) − log φ(zf,t+1 ),
where qt is the true conditional density of zf,t+1 and φ is the standard normal density.
Of course, in practice the density qt is not known either, but if fˆt is correctly specified,
{zf,t+1 } should behave as an i.i.d. standard normal sequence. As discussed in Bao et al.
(2007), qt may be estimated by means of a flexible density function to obtain an estimate
of the KLIC, which then allows testing for departures of qt from the standard normal.
Finally, we note that the KLIC has also been used by Mitchell and Hall (2005) and Hall
and Mitchell (2007) for combining density forecasts.

2.1

Weighted scoring rules

In risk management applications such as Value-at-Risk and Expected Shortfall estimation,
an accurate description of the left tail of the distribution obviously is of crucial importance.
In that case, it seems natural to focus on the performance of density forecasts in the region
of interest, while ignoring the remaining part of the distribution. Within the framework of
scoring rules, this may be achieved by introducing a weight function w(Yt+1 ) to obtain a
weighted scoring rule, see Franses and van Dijk (2003) for a similar idea in the context of
testing equal predictive accuracy of point forecasts. For example, Amisano and Giacomini
(2007) suggest the weighted logarithmic (WL) scoring rule
S wl (fˆt ; yt+1 ) = w(yt+1 ) log fˆt (yt+1 )
6

(4)

to assess the quality of the density forecast fˆt , together with the weighted average scores
P
P
n−1 Tt=m+1 w(yt+1 ) log fˆt (yt+1 ) and n−1 Tt=m+1 w(yt+1 ) log ĝt (yt+1 ) for ranking two
competing forecasts. Using the weighted score difference
ˆ
dwl
t = w(yt+1 )(log ft (yt+1 ) − log ĝt (yt+1 )),

(5)

the null hypothesis of equal weighted scores, H0 : E[dwl
t ] = 0, may be tested by means of
wl

a Diebold-Mariano type test statistic of the form (2), but using the sample average d =
P
l
n−1 Tt=m+1 dwl
t instead of d together with an estimate of the corresponding asymptotic
variance of dwl
t . From the discussion above, it follows that an alternative interpretation of
the resulting statistic is to say that it tests equality of the weighted KLICs of fˆt and ĝt .
The weight function w(yt+1 ) should be positive and bounded but may otherwise be
chosen arbitrarily to focus on the density region of interest. For evaluation of the left
tail in risk management applications, for example, we may decide to use the ‘threshold’
weight function w(yt+1 ) = I(yt+1 ≤ r), where I(A) = 1 if the event A occurs and zero
otherwise, for some value r. However, we are then confronted with the problem pointed
out by Corradi and Swanson (2006c) that measuring the accuracy of density forecasts
over a specific region cannot be done in a straightforward manner using the KLIC or log
scoring rule. In this particular case the weighted logarithmic score may be biased towards
fat-tailed densities. To understand why this occurs, note that if ĝt (Yt+1 ) > fˆt (Yt+1 ) for all
Yt+1 smaller than some given value y ∗ , say. Using w(yt+1 ) = I(yt+1 ≤ r) with r < y ∗
in (4) implies that the weighted score difference dwl
t in (5) is never positive, and strictly
negative for observations below the threshold value r, such that E[dwl
t ] is negative. Obviously, this can have far-reaching consequences when comparing models with different
tail behavior. In particular, there will be cases where the fat-tailed distribution ĝ is favored
over the thin-tailed distribution fˆ, even if the latter is the true distribution from which the
data are drawn.
The following example illustrates the issue at hand. Suppose we wish to compare the
accuracy of two density forecasts for Yt+1 , one being the standard normal distribution with
pdf
1
2
/2),
fˆt (yt+1 ) = (2π)− 2 exp(−yt+1
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and the other being the (fat-tailed) Student-t distribution with ν degrees of freedom, standardized to unit variance, with pdf
ĝt (yt+1 ) = p

Γ

ν+1
2



(ν − 2)πΓ( ν2 )



y2
1 + t+1
(ν − 2)

−(ν+1)/2
,

ν > 2.

Figure 1 shows these density functions for the case ν = 5, as well as the relative loglikelihood score log(fˆt (yt+1 )) − log(ĝt (yt+1 )). The score function is positive in the left
wl

tail (−∞, y ∗ ), with y ∗ ≈ −2.5. Now consider the average weighted log score d

as

defined before, based on an observed sample ym+1 , . . . , yT of n observations from an
unknown density on (−∞, ∞) for which fˆt (yt+1 ) and ĝt (yt+1 ) are candidates. Using the
threshold weight function w(y) = I(yt+1 ≤ r) to concentrate on the left tail, it follows
from the lower panel of Figure 1 that if the threshold r < y ∗ the average weighted log
score can never be positive and will be strictly negative whenever there are observations
in the tail. Evidently this is in favor of the fat-tailed Student-t density gt (yt+1 ).
[Figure 1 about here.]
We emphasize that the problem discussed above is not limited to the logarithmic scoring rule but occurs more generally. For example, Berkowitz (2001) advocates the use
of the inverse normal transform zf,t+1 , as defined before, motivated by the fact that if fˆt
∗
} should be an i.i.d. standard normal sequence. Taking the
is correctly specified, {Zf,t+1

standard normal log-likelihood of the transformed data leads to the following scoring rule:
1 2
1
S N (fˆt ; yt+1 ) = log φ(zf,t+1 ) = − log(2π) − zf,t+1
.
2
2

(6)

We argue that although for a correctly specified density forecast the sequence {zf,t+1 }
is i.i.d. normal, tests for the comparative accuracy of density forecasts based on (censored
versions of) the normal log-likelihood may be biased, i.e. reject at a rate lower than the
nominal size for certain alternatives. The reason is that, unlike in a standard test for normality, a particular forecast density ĝt affects the sample distribution of the corresponding
values zg,t+1 . It may then happen that a wrongly specified forecast density ĝt receives a
higher average score than the true conditional density. For instance, let fˆt (y) and ĝt (y)
denote two competing densities, which happen to be the densities of the N (0, 1) and the
8

N (0, 2) distribution, respectively. Assume furthermore that the data Yt are independent
N (0, 1) random variables, such that fˆt corresponds with the true conditional density. In
bt (y)− 1 | for all y, which implies
this case the corresponding CDFs satisfy |Fbt (y)− 12 | > |G
2
|zg,t+1 | < |zf,t+1 |. In words, the incorrect density forecast has a larger dispersion than the
correct one, such that its corresponding transforms {zg,t+1 } are more concentrated around
0 than the transforms {zf,t+1 }. As a result, the incorrect density forecast ĝt receives higher
normal log-likelihood scores S N than the correct density forecast fˆt , leading to biased test
statistics.
Note that the bias described above only plays a role in testing density forecasts against
alternative density forecasts. It is still possible to test a single given model for goodnessof-fit by testing for the i.i.d. standard normality of {zg,t+1 } against non-standard normal
or dependent alternatives. To illustrate the effect of the bias in our context, i.e. comparing
pairs of density forecasts, we also include differences of Berkowitz-type scores in the
simulation results presented below. Following Berkowitz (2001) we focus on the left tail
by considering the censored variable z̃f,t+1 defined as z̃f,t+1 = zf,t+1 if zf,t+1 < Φ−1 (α),
and z̃f,t+1 = Φ−1 (α) otherwise, for some 0 < α < 1. This allows us to associate a score
equal to the censored normal log-likelihood (CNL) score function
S cN (fˆ, yt+1 ) = I(Fbt (yt+1 ) < α) log φ(zf,t+1 ) − I(Fbt (yt+1 ) ≥ α) log(1 − α)
= w(zf,t+1 ) log φ(zf,t+1 ) + (1 − w(zf,t+1 )) log(1 − α),

(7)

where Ft (·) denotes the CDF of f , and w(zf,t+1 ) = 1 if zf,t+1 < Φ−1 (α) and zero otherwise.

3

Scoring rules based on partial likelihood

The simple example in the previous section demonstrates that intuitively reasonable scoring rules can in fact favor the wrong model. We argue that this can be avoided by requiring
that score functions correspond to the logarithm of a (partial) likelihood function associated with the outcome of some statistical experiment. In the standard, unweighted case
the log likelihood score log fˆt (Yt+1 ) is useful for measuring the divergence between the
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true and a candidate density, because the expectation
EY [log ft (Yt+1 )] ≡ E[log ft (Yt+1 )|Yt+1 ∼ pt (yt+1 )]
is maximized, under the constraint

R∞
−∞

ft (yt+1 )dy = 1, by ft (yt+1 ) = pt (yt+1 ), where

pt (yt+1 ) is the true density of Yt+1 . To see this, consider any density ft (yt+1 ) different
from pt (yt+1 ). Applying the inequality log x ≤ x − 1 to ft /pt , we obtain
 



Z ∞
ft (Yt+1 )
ft (Yt+1 )
ft (y)
EY log
≤ EY
−1=
pt (y)
dy − 1 ≤ 0.
pt (Yt+1 )
pt (Yt+1 )
pt (y)
−∞
This shows that log-likelihood scores of different models can be compared in a meaningful way, provided that the densities under consideration are properly normalized to
have unit total probability. The quality of a normalized density forecast fˆt can therefore
be quantified by the average score EY [log fˆt (Yt+1 )]. If pt (y) is the true conditional density
of Yt+1 , the KLIC is nonnegative and defines a divergence between the true and an approximate distribution. If the true data generating process is unknown, we can still use KLIC
differences to measure the relative performance of two competing densities, which gives
back the logarithmic score difference discussed before, dlt = log fˆt (yt+1 ) − log ĝt (yt+1 ).
The implication from the above is that likelihood-based scoring rules may still be used
to assess the (relative) accuracy of density forecasts in particular regions of the distributions, as long as the scoring rules correspond to (possibly partial) likelihood functions. In
the specific case of the threshold weight function w(y) = I(y ≤ r) we can break down
the observation of Yt+1 in two stages. First, it is revealed whether Yt+1 is smaller than the
threshold value r or not. We introduce the random variable Vt+1 to denote the outcome of
this first stage experiment, defining it as
(
1
Vt+1 =
0

if Yt+1 ≤ r,
if Yt+1 > r.

In the second stage the actual value Yt+1 is observed. The second stage experiment corresponds to a draw from the conditional distribution of Yt+1 given the region (below or
above the threshold) in which Yt+1 lies according to the outcome of the first stage, as
indicated by Vt+1 . Note that we may easily allow for a time varying threshold value rt .
However, this is not made explicit in the subsequent notation to keep the exposition as
simple as possible.
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Any (true or false) probability density function ft of Yt+1 given Ft can be written as
the product of the probability density function of Vt+1 , which is revealed in the first stage
binomial experiment, and that of the second stage experiment in which Yt+1 is drawn from
its conditional distribution given Vt+1 . The likelihood associated with the observed values
Vt+1 = I(Yt+1 ≤ r) = v and subsequently Yt+1 = y, can thus be written as the product of
two factors:
v

1−v



(F (r)) (1 − F (r))


f (y)
f (y)
I(v = 0) +
I(v = 1) .
1 − F (r)
F (r)

The likelihood is expressed as a product of the likelihood associated with Vt+1 , which is
a Bernoulli random variable with success probability F (r), and that of the realization of
Yt+1 given v. By deciding to disregard either the information revealed by Vt+1 or Yt+1 |v
(possibly depending on the first-stage outcome Vt+1 ) we can construct various partial likelihood functions. This enables us to formulate several scoring rules that may be viewed
as weighted likelihood scores, which still can be interpreted as a true (albeit partial) likelihood.
Conditional likelihood scoring rule

For a given density forecast fˆt , if we decide to

ignore information from the first stage and use the information revealed in the second stage
only if it turns out that Vt+1 = 1 (that is, if Yt is a tail event), we obtain the conditional
likelihood (CL) score function
S cl (fˆ; Yt+1 ) = I(Yt+1 ≤ r) log(fˆt (Yt+1 )/F̂t (r)).

(8)

The main argument for using such a score function would be to evaluate models based
on their behavior in the left tail (values less than or equal to r). However, due to the
normalization of the total tail probability we lose information of the original model on
how often tail observations actually occur. This is because the information regarding
this frequency is revealed only by the first-stage experiment, which we have explicitly
ignored here. As a result, the conditional likelihood scoring rule attaches similar scores to
models that have similar tail shapes, but completely different tail probabilities. This tail
probability is obviously relevant for risk management purposes, in particular for Value-at11

Risk evaluation. Hence, the following scheme takes into account the tail behavior as well
as the relative frequency with which the tail is visited.
Censored likelihood scoring rule Combining the information revealed by the first stage
experiment with that of the second stage provided that Yt+1 is a tail event (Vt+1 = 1), we
obtain the censored likelihood (CSL) score function
S csl (fˆ; Yt+1 ) = I(Yt+1 ≤ r) log fˆt (Yt+1 ) + I(Yt+1 > r) log(1 − F̂t (r)).

(9)

This scoring rule uses the information of the first stage (essentially information regarding
the CDF F̂t (y) at y = r) but apart from that ignores the shape of ft (y) for values above
the threshold value r. In that sense this scoring rule is similar to that used in the Tobit
model for normally distributed random variables which cannot be observed above a certain
threshold value (see Tobin, 1958). Note that this score differs from the Berkowitz score
(7) in that it is evaluated directly in terms of Yt+1 , and not in terms of the (density forecastdependent) normal transformed variable zg,t+1 . The effect of introducing a possible bias
in favour of an incorrect predictive density, discussed around (6) and (7), does not occur
here.
We may test the null hypothesis of equal performance of two density forecasts fˆt (y)
and ĝt (y) based on the conditional likelihood score (8) or the censored likelihood score
(9) in the same manner as before. That is, given a sample of density forecasts and corresponding realizations for n time periods t = m + 1, . . . , T , we may form the relative
cl ˆ
cl
csl
scores dcl
= S csl (fˆ; yt+1 ) − S csl (ĝ; yt+1 ) and use
t = S (f ; yt+1 ) − S (ĝ; yt+1 ) and dt

these as the basis for computing a Diebold-Mariano type test statistic of the form given in
(2).
We revisit the example from the previous section in order to illustrate the properties of
the various scoring rules and the associated tests for comparing the accuracy of competing
density forecasts. We generate 1, 000 independent sequences of size n = 2, 000 independent observations yt+1 from a standard normal distribution. For each sequence we compute the mean value of the weighted logarithmic scoring rule in (4), the censored normal
likelihood in (7), the conditional likelihood in (8), and the censored likelihood in (9). For
12

the WL scoring rule score we use the threshold weight function w(yt+1 ) = I(yt+1 ≤ r),
where the threshold is fixed at r = −2.5. The CNL score is used with α = Φ(r), where
Φ(·) represents the standard normal CDF. The threshold value, r = −2.5, is also used for
the CL and CSL scores. Each scoring rule is computed for the (correct) standard normal
density fˆt and the standardized Student t density ĝt with five degrees of freedom.
[Figure 2 about here.]
·

Figure 2 shows the empirical CDF of the mean relative scores d for the four rules
considered. The average WL and CNL scores take almost exclusively negative values,
which means that for the weight function considered, on average they attach a lower score
to the correct normal distribution than to the Student t-distribution, leading to a bias in the
corresponding test statistic towards the incorrect, fat-tailed distribution. The two scoring
rules based on partial likelihood both correctly favor the true normal density. The scores of
the censored likelihood rule appear to be better at detecting the inadequacy of the Student
t distribution, in the sense that its relative scores stochastically dominate those based on
the conditional likelihood.

4

Generalizations to smooth weight functions

The two scoring rules discussed in the previous section focus on the case where Vt+1 is a
deterministic function of Yt+1 , that is, Vt+1 = I(Yt+1 ≤ r). This step function is the analogue of the threshold weight function w(Yt+1 ) used in the introductory example which
motivated our approach. This weight function seems an obvious choice in risk management applications, as the left tail behavior then is of most concern. In other empirical
applications of density forecasting, however, the focus may be on a different region of the
distribution, leading to alternative weight functions. For example, for monetary policymakers aiming to keep inflation between 1% and 3%, the central part of the distribution
may be of most interest. In the remainder of this section, we consider a possible generalization of the CL and CSL scoring rules in (8) and (9) to alternative weight functions.
As a straightforward approach we propose making Vt+1 a random variable conditional
on Yt+1 . The scoring rules that make use of the threshold weight function either include
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the second stage information or ignore it, depending on the value of Yt+1 . The obvious
generalization would be to specify a weight function w(y), satisfying 0 ≤ w(y) ≤ 1, and
interpret w(Yt+1 ) as a conditional probability that the second-stage information is taken
into account, that is,
Vt+1 |Yt+1 = Vt+1

(
1,
=
0,

with probability w(Yt+1 ),
with probability 1 − w(Yt+1 ).

Implemented as such, this recipe would lead to a random scoring rule, depending on the
realization of the random variable Vt+1 . However, since each scoring rule obtained in this
way would be equally admissible, because it is a likelihood-based score conditional on the
realization of Vt+1 , we argue for averaging this score function over the conditional distribution of Vt+1 given Yt+1 . The first stage information now corresponds to that involved
in the subdivision of the data into two groups, that of elements for which Vt+1 = 0 and 1.
This first stage information in the generalized case is now not only random, as before, but
even random conditional on Yt+1 .
Generalized conditional likelihood scoring rule

For the first scoring rule, where only

the conditional likelihood of Yt+1 given Vt+1 = 1 is used and no other information on the
realized values of Vt+1 , the likelihood given Vt+1 is
I(Vt+1 = 1|Yt+1 ) log

fˆt (Yt+1 )
Pfˆ(Vt+1 = 1)

!
,

where Pfˆ(Vt+1 = 1) is the probability that Vt+1 = 1 under the assumption that Yt+1
has density fˆt . Given Yt+1 this is a random score function, depending on the realized
values of Vt+1 . Averaging over the conditional distribution of Vt+1 given Yt+1 leads to
EVt+1 |Yt+1 ;f [I(Vt+1 = 1|Yt+1 )] = Pf (Vt+1 = 1|Yt+1 ) = w(Yt+1 ), so that the score averaged
over Vt+1 , given Yt+1 , is
S(fˆ; Yt+1 ) = w(Yt+1 ) log

R∞
−∞

fˆt (Yt+1 )
fˆt (x)w(x)dx

!
.

(10)

It can be seen that this is a direct generalization of the scoring rule given in (8), which is
obtained by choosing w(Yt+1 ) = I(Yt+1 ≤ r).
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Generalized censored likelihood scoring rule As mentioned before, the conditional
likelihood scoring rule is based on the conditional likelihood of the second stage experiment only. The censored likelihood scoring rule also includes the information revealed
by the realized value of Vt+1 , that is, the first stage experiment. The likelihood based on a
single observation Yt+1 and given Vt+1 is
I(Vt+1 = 1)Pfˆ(Vt+1 = 1)fˆt (Yt+1 |Vt+1 = 1) + I(Vt+1 = 0)Pfˆ(Vt+1 = 0).
The log likelihood based on Yt+1 and Vt+1 is
I(Vt+1 = 1) log fˆt (Yt+1 ) + I(Vt+1 = 0) log

Z

∞



fˆ(x)(1 − w(x)) dx ,

−∞

which, after averaging over Vt+1 given Yt+1 gives the scoring rule


Z ∞
ˆ
ˆ
ˆ
S(f ; Yt+1 ) = w(Yt+1 ) log ft (Yt+1 ) + (1 − w(Yt+1 )) log 1 −
f (x)w(x) dx . (11)
−∞

The choice w(Yt+1 ) = I(Yt+1 ≤ r) gives the scoring rule as given in (9).
Returning to the simulated example concerning the comparison of the normal and
Student t density forecasts, we consider logistic weight functions of the form
w(yt+1 ) = 1/(1 + exp(a(yt+1 − r))).

(12)

This is a sigmoidal function of y with center r and slope parameter a. Note that in the limit
as a → ∞, the threshold weight function I(yt+1 ≤ r) considered before is recovered. We
fix the center at r = −2 and vary the slope parameter a among the values 1, 2, 5, and 10.
R
R
The integrals fˆt (y)w(y)dy and ĝt (y)w(y)dy for the threshold weight function were
determined numerically with the CDF routines from the GNU Scientific Library. For
other weight functions the integrals were determined numerically by averaging w(yt+1 )
over a large number (106 ) of simulated random variables yt+1 with density fˆt and ĝt ,
respectively.
[Figure 3 about here.]
Figure 3 shows the empirical CDFs of the scores obtained with the conditional likelihood and censored likelihood scoring rules for the different values of a. It can be observed
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that for the smoothest weight function considered (a = 1) the two score distributions are
very similar. The difference between the scores increases as a becomes larger. For a = 10,
the logistic weight function w(yt+1 ) in (12) is already very close to the threshold weight
function I(yt+1 ≤ r), such that for larger values of a essentially the same score distributions are obtained. To understand why the score distributions become more similar for
smaller values of a, note that for small a both scoring rules converge to the unconditional
likelihood (up to a constant factor 2). In the limit as a → 0, w(yt+1 ) converges to a constant equal to 21 for all values of yt+1 , so that w(yt+1 ) − (1 − w(yt+1 )) → 0, and moreover
R
R
csl
w(y)fˆt (y)dy = w(y)ĝt (y)dy → 21 . Consequently, both relative scores dcl
t and dt
have the limit
1
(log ĝt (yt+1 ) − log fˆt (yt+1 )).
2

5

Monte Carlo Simulations

In this section we present the results of a Monte Carlo analysis to examine the properties
of the Diebold-Mariano type test statistic as given in (2) based on the various scoring rules
discussed before. We use a HAC-estimator for the asymptotic variance σ̂ 2 of the relative
P
score d·t , that is σ̂n2 = γ̂0 + 2 K−1
k=1 ak γ̂k , where γ̂k denotes the lag-k sample covariance of
the sequence {d·t }Tt=m+1 and ak are the Bartlett weights ak = 1 − k/K with K = bn−1/4 c,
where n = T − m is the sample size. Under the null hypothesis of equal predictive ability
the test statistic is asymptotically standard normally distributed. Note that the concept of
equal predictive ability depends on the (sequence of) weight functions used. We report
one-sided size and powers to indicate which of the pair of competing predictive densities
has better predictive ability according to each of the tests.
[Figure 4 about here.]
To assess the size of tests a case is required with two competing predictive densities
that are both ‘equally incorrect’. However, whether or not the null hypothesis of equal predictive ability holds (for a given notion of predictive ability) depends on the weight function used. Therefore it is impossible to construct an example with two different predictive
densities for which the predictive ability is identical, regardless of the weight function.
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In order to still evaluate the size of the tests, we include simulations for an i.i.d. standard normal sequence, with two competing predictive distributions, the N (−0.2, 1) and
the N (0.2, 1) distribution, respectively. At least in the case without weighting these both
have equally poor predictive densities by symmetry, under all notions of predictive ability
which, like the scoring rules considered here, are invariant under a simultaneous reflection about zero of all densities of interest (the true conditional density as well as the two
competing density forecasts under consideration).
The top two panels of Fig. 4 display the rejection rates (at nominal significance level
5%) obtained with tests based on the weighted logarithmic scoring rule in (4), the censored
normal likelihood in (7), the conditional likelihood in (8), and the censored likelihood in
(9). As before, we use the threshold weight function w(yt+1 ) = I(yt+1 ≤ r) for the WL
scoring rule score, while the CNL score is used with α = Φ(r), where Φ(·) represents the
standard normal CDF. Rejection rates (based on 1000 replications) are shown as a function
of the threshold value r, for sample size n = 500. For large values of r, when practically
the entire distribution is taken into account by all four scoring rules, we can interpret the
rejection rates as the actual sizes of the four tests. As expected, for large values of the
threshold r the differences between the tests disappear. The results show that the rejection
rates of all tests are close to the nominal value of 5% for large r. As noted above, whether
or not the null hypothesis holds, depends on the measure of predictive ability (the mean
score) as well as on the weight function. Therefore we generally cannot interpret the
observed rejection rates for smaller values of r as type I error rates.
In case one of the competing density forecasts is correct, it will be the best predictive
density regardless of the weight function so that it is possible to assess the power of the
tests. The last four panels of Fig. 4 summarize the observed rejection rates (again for
sample size n = 500, based on 1000 replications) against the standard normal and standardized t(5) distribution, for data that were drawn from the standard normal (center row)
and the standardized t(5) distribution (bottom row). The left-hand-side panels correspond
to rejections of the null of equal predictive ability against superior predictive ability of the
standard normal density, and the right-hand-side panels against superior predictive ability of the standardized t(5) distribution. Hence, the center left and bottom right panels
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report true power (rejections in favor of the correct density), while the center right and
bottom left panels report spurious power (rejections in favor of the incorrect density). It
can be observed that the power of some scoring rules (in particular the weighted logarithmic scoring rule) depends strongly on the threshold parameter r. This will be discussed
in some more detail below. It also can be observed that our censored likelihood scoring
rule, although it uses more information than the conditional likelihood scoring rule, does
not give rise to a uniformly larger power. Clearly, having a power as large as possible is
important for practical applications. However, spurious power is undesirable, as it may
lead to a false indication of statistical evidence in favor of the wrong model. The results
suggest that both the WL and the CNL scoring rules, and to a lesser extent our CSL scoring rule, suffer from spurious power. In particular for the i.i.d. standardized t(5) process,
the test based on the censored likelihood exhibits large spurious power for small values of
the threshold parameter r.
[Figure 5 about here.]
We next investigate how these results change if the sample size increases. After all, the
scores may have very skew distributions, which may lead to poor asymptotic approximations to finite sample distributions. In fact it is not even known if the standard asymptotic
results apply, since no first and second moment conditions of the scoring rules have been
verified. We consider this beyond the scope of the present paper. Results for sample size
n = 2000 are reported in Fig. 5. Most of the observations made for sample size n = 500
still apply, apart from the fact that now the censored likelihood scoring rule does display
uniformly larger power than the conditional likelihood scoring rule, and that the spurious
rejection rate of the CSL scoring rule for small r has decreased, while that of the WL and
CNL-type scores has increased. Although future analytical work should confirm this, it
suggest that the spurious power associated with the censored likelihood scoring rule may
disappear asymptotically, at least for fixed r.
[Figure 6 about here.]
As a final note on these Monte Carlo simulation results, we wish to briefly discuss
the non-monotonous nature of the power curves of the test based on the WL scoring rule.
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Fig. 6 shows the mean score E[dwl
t ] as a function of the threshold r, for i.i.d. standard
normal data, using relative scores of the standard normal versus the standardized t(5)
density. This mean was obtained by numerical integration. It can be observed that the
mean changes sign several times, in exact accordance with the patterns in the center left
panels of Figs 4 and Figs 5. Whenever the mean score is positive the associated test has
high power, while it has high spurious power for negative mean scores.
[Figure 7 about here.]
As mentioned before, in some cases the central part of the distribution may of primary
interest, for instance to policymakers aiming to keep inflation between 1 and 3%. To
study how tests behave when they are being based on the central part of the distribution,
we perform the same set of simulation experiments using the weight function I(−r,r) (y)
in the various scoring rules. Only part of these results are included here; full details are
available upon request. Fig. 7 shows rejection rates obtained for an i.i.d. standard normal
process, when we test the null of equal predictive ability of the N (0, 1) and standardized
t(5) distributions against the alternative that either of these models has better predictive
ability, for sample size n = 2000. The left panel shows rejection rates for testing the null
hypothesis against better predictive performance of the (correct) N (0, 1) density, while
the right panel shows the spurious power obtained when testing the null against better
predictive performance of the (incorrect) standardized t(5) distribution. Clearly, all tests
have high power, provided that the observations from a sufficiently wide interval (−r, r)
are taken into account. It can also be observed that the tests based on WL and CNL scores
suffer from a large spurious power, while the spurious power for the tests based on the
partial likelihood scores remains smaller than the nominal level (5%).

6

Empirical illustration

We compare the empirical performance of the different scoring rules in the context of the
out-of-sample evaluation of two forecasting models for daily stock returns. We consider
Standard and Poor’s 500 index log-returns Xt = ln(Pt /Pt−1 ), where Pt is the closing price
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on day t, adjusted for dividends and stock splits. The sample period runs from January 1,
1980 until May 31, 2007, giving a total of 6900 observations (source: Datastream).
The evaluation of the two models (specified below) is based on their out-of-sample
predictive densities, using a rolling window scheme for parameter estimation, similar to
Giacomini and White (2006). The estimation sample size m is set to m = 1000 observations. We focus on one-step-ahead density forecasts, such that the number of out-ofsample observations is equal to n = 5900. For comparing the accuracy of the density
forecasts we use the Diebold-Mariano type test in based on the weighted logarithmic
scoring rule in (4), the censored normal likelihood in (7), the conditional likelihood in
(8), and the censored likelihood in (9). We concentrate on the left tail of the distribution that is of special interest in risk management bu using the threshold weight function
w(yt+1 ) = I(yt+1 ≤ rt ) for the WL scoring rule score, while the CNL score is used with
α = Φ(rt ). We use two different time-varying thresholds rt that are determined as the
one-day Value-at-Risk estimates at the 95% and 99% level, assuming a normal distribution with constant mean and variance, which are set equal to the corresponding sample
moments of the relevant estimation window comprising the previous m = 1000 observations. The same thresholds are used in the CL and CSL scoring rules.
For illustrative purposes we define two models in such a way that one of the models
is superior to the other. This can be achieved by specifying a general, or an unrestricted
model and restrict one of its parameters to a fixed value, arriving at a restricted model.
Using the unrestricted model as a benchmark we expect no better predictive performance
of the restricted model. The unrestricted model for the returns is specified as AR(5) process for the conditional mean and GARCH(1,1) process for the conditional variance. The
model is based on a standardized Student-t distribution with ν degrees of freedom and
unit variance, i.e.
Xt = µt + εt ,
µ t = ρ0 +

5
X

ρ` Xt−` ,

`=1

p
εt = ht ηt , with ηt ∼ i.i.d. stand. tν ht

= c + αε2t−1 + βht−1 .

Note that the number of the degrees of freedom ν is a parameter that is to be estimated.
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In the restricted model we fix the number of degrees of freedom to ν = 3. Both the
restricted model and the unrestricted model are estimated using the maximum likelihood
criterion. The estimate of the parameter ν in the unrestricted model varies from 6 to 11.
We apply different scoring rules to select a better model on the basis of one-step-ahead
out-of-sample prediction. The predictive score of the restricted model are subtracted from
the scores of the unrestricted model. We expect this difference to be non-negative indicating better predictive abilities of the unrestricted model. Table 1 shows the resulting
average of score differences and the standardized average score differences, that is average
of scores differences divided by their sample variance. The sample variance is computed
using HAC estimator to account for serial dependence. For both values of the threshold
r the scoring rules of Amisano and Giacomini, and Berkowitz suggest superior predictive
abilities of the restricted model, while the threshold weight function type I, i.e. the conditional likelihood and type II, i.e. the likelihood based on censored observations, suggest
no improvement of the predictive abilities of the restricted model. The results of the latter
two scoring rules are consistent with our intuition that a restrictive model should not have
a higher predictive ability.
[Table 1 about here.]
The restricted model would be selected if we would use the scoring rules of Amisano
and Giacomini and Berkowitz. We try to assess the consequences of selecting the restricted model in favour of the unrestricted model in terms of risk management. For these
two models we compute popular measures of portfolio risk used by practitioners, i.e. the
predicted one-day 5% and 1% VaR and the predicted one day 5% and 1% expected shortfall. To assess the accuracy of the VaR prediction, we compute the empirical frequency
of observing a return lower then the predicted -VaR for a particular day. The procedure
is based on out-of-sample observations using a rolling window scheme. In the case of the
correct 5% and 1% VaR prediction we expect the frequency to be close the the nominal
level of 0.05 and 0.01 respectively.
[Table 2 about here.]
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Table 2, shows the average predicted values of the VaR, the empirical frequency of
observing a return lower then the VaR, and the expected shortfall. The average VaR and
the expected shortfall are higher for the restricted model. The empirical frequency of
observing a return lower then the predicted -VaR is close to the nominal level for the
unrestricted model and is lower than the nominal for the restricted model. This means
that in the restricted model the extreme events occur less frequently than predicted. Thus,
using a restricted models leads to over-prediction of risk. This, in turn, could result in
suboptimal asset allocation within a portfolio.

7

Conclusions

In this paper we have developed scoring rules based on partial likelihood functions for
comparing the out-of-sample accuracy of competing density forecasts. It was shown that
these scoring rules are particularly useful when the main interest lies in measuring the
accuracy of density forecasts over a specific region of the density, such as the left tail
in financial risk management applications. Conventional scoring rules based on KLIC
or censored normal likelihood are not suitable for this purpose, as by construction they
tend to favor density forecasts which have more probability mass in the region of interest,
rendering the resulting tests biased towards such density forecasts. Our novel scoring
rules based on partial likelihood functions do not suffer from this problem.
Monte Carlo simulations were used to demonstrate that the conventional scoring rules
may give rise to spurious rejections due to the possible bias in favor of an incorrect model.
The simulations results also showed that this phenomenon is strongly reduced for the new
scoring rules, and where present, diminishes considerably upon increasing the sample
size.
In an empirical application to S&P 500 daily returns we investigated the use of the various scoring rules for model selection in the context of financial risk management. It was
shown that the scoring rules based on KLIC and censored normal likelihood functions and
the newly proposed partial likelihood scoring rules can lead to the selection of different
models, resulting in rather different estimates of Value-at-Risk and Expected Shortfall.
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Figure 1: Probability density functions of the N (0, 1) distribution and standardized t(5) distribution (upper panel) and corresponding log-likelihood scores of the N (0, 1) density relative to the
standardized t(5) density (lower panel).
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Figure 4: One-sided rejection rates (nominal size 5%) based on sample size 500, 1000 replications, for testing the null of equal predictive ability. Top row: true DGP: i.i.d. standard normal,
test against better predictive ability of the N (−0.2, 1) distribution (top left) and of the N (0.2, 1)
distribution right (top right). Center row: true DGP: i.i.d. standard normal, test against better predictive ability of the standard normal distribution (center left) and of the t(5) distribution (center
right). Bottom row: true DGP i.i.d. standardized t(5), test against better predictive ability of the
standard normal distribution (bottom left) and of the standardized t(5) distribution (bottom right).
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Figure 5: Sample size 2000. Other details as for Fig. 4.
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t ] as a function of the threshold value r, for the standard normal
DGP.
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Figure 7: Sample size 2000. Power (left panel) and spurious power (right panel) for an i.i.d.
N (0, 1) process with competing densities N (0, 1) and standardized t(5), with weight function
I(−r,r) (y), as a function of r.
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scoring rule
WL
CNL
CL
CSL

rt = Φ−1 (0.05)
δ̄ scores standardized δ̄
-0.0058
-4.1105
-0.0199
-8.4132
0.0011
0.8569
0.0026
1.8118

r = Φ−1 (0.01)
δ̄ scores standardized δ̄
-0.0066
-4.4724
-0.0202
-8.5945
-0.0004
-0.3549
0.0017
1.2457

Table 1: Performance of different scoring rules assessing the predictive abilities of the unrestricted
model over the restricted model for different values of threshold r computed as inverse of the
normal CDF, Φ, parameters of which are estimated from the data.
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Measure
Average 5% VaR
Frequency of (Xt < −5% VaRt )
Average 5% Expected Shortfall
Average 1% VaR
Frequency of (Xt < −1% VaRt )
Average 1% Expected Shortfall

Unrestricted model
0.0148
0.0524
0.0206
0.0238
0.0115
0.0303

Restricted model
0.0160
0.0425
0.0263
0.0308
0.0049
0.0475

Table 2: Predicted risk measures using unrestricted and restricted model.
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